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Abstract
We first prove that the idempotent completion of a right or left recollement of triangulated categories
is still a right or left recollement, then show that the t-structure on a triangulated category is compatible
with taking idempotent completion. Finally, an application of the main theorem is given, which is focused
on the boundedness and nondegeneration of the t-structure induced by a recollement and its idempotent
completion.
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1. Introduction
The notion of recollement of triangulated categories was introduced by Beilinson, Bernstein
and Deligne in connection with derived categories of sheaves on topological spaces with the idea
that one such category as being “glued together” from two others [2].
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3054 Q. Chen, L. Tang / Journal of Algebra 319 (2008) 3053–3061Definition 1. (See Beilinson, Bernstein and Deligne [2].) Let D , D ′, D ′′ be triangulated cate-
gories. Then a recollement of D relative to D ′ and D ′′, diagrammatically expressed by
D ′ D D ′′,



i∗
i∗ = i!
i!



j!
j ! = j∗
j∗
given by six exact functors i∗, i∗ = i!, i!, j!, j ! = j∗, j∗ satisfy the following four conditions:
(R1) (i∗, i∗ = i!, i!) and (j!, j ! = j∗, j∗) are adjoint triples, i.e., i∗ is left adjoint to i∗ which is
left adjoint to i!, etc.;
(R2) i!j∗ = 0;
(R3) i∗, j!, j∗ are full embeddings;
(R4) any object X in D determines triangles
i∗i!X → X → j∗j !X → T
(
i∗i!X
)
and j!j∗X → X → i!i∗X → T
(
j!j∗X
)
where the morphisms i∗i!X → X, X → j∗j !X, j!j∗X → X and X → i!i∗X are the ad-
junction morphisms.
A prototypical example of a recollement is as follows which is given by Beilinson, Bernstein
and Deligne in [2]:
D(Z) D(X) D(U)



i∗
i∗ = i!
i!



j!
j ! = j∗
j∗
is a recollement of D(X) relative to D(Z) and D(U), where X is a topological space equal to the
union of the closed subset Z and the open complement U and D(Z), D(X), D(U) are suitable
derived categories of sheaves.
Two weaker forms of recollements are introduced by B. Parshall:
A right recollement is said to hold if the lower two rows of a recollement (as defined above)
exist and the functors appearing in these two rows (i.e., i∗, i!, j ! and j∗)
D ′ D D ′′
i∗ = i!
i!

j ! = j∗
j∗
satisfy all the conditions in the definition above which involve only these functors.
A left recollement is defined via the upper two rows similarly.
Definition 2. (See [1,5].) Let A be an additive category, an idempotent morphism e : A → A
is said to split if there are two morphisms p : A → B and q : B → A such that e = q ◦ p and
p ◦ q = IdB .
The additive categoryA is said to be idempotent complete (or Karoubian) provided that every
idempotent morphism splits.
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a quasi-separated, quasi-compact scheme and the bounded derived categories of abelian cate-
gories, are idempotent complete. But not all the triangulated categories are idempotent complete.
Fortunately, any additive category can be idempotent completed and the idempotent completion
of a triangulated category is still a triangulated category [1].
Definition 3. (See [1].) LetA be an additive category. The idempotent completion (or Karoubian-
isation) of A is the category A˜ defined as follows. Objects of A˜ are pairs (A, e), where A ∈A
and e ∈ HomA(A,A) is an idempotent. A morphism α ∈ HomA˜((A, e), (B,f )) is a morphism
α ∈ HomA(A,B) such that α ◦ e = α = f ◦ α.
Note that the assignment A → (A, IdA) defines a functor ιA from A to A˜. It is well known
that the functor ιA is fully-faithful. Moreover, A is idempotent complete if and only if ιA is an
equivalence. So from now on we will think of A as a full subcategory of A˜.
Let D be a triangulated category, T be its shift functor. Define functor T˜ as follows
T˜ : D˜ → D˜,
(A, e) → (T (A),T (e)),
α → T (α)
where (A, e) ∈ D˜ , α ∈ HomD˜ ((A, e), (B,f )). A sextuple Δ : (A, e) α−→ (B,f )
β−→ (C,g) γ−→
T˜ (A, e) in D˜ is said to be a triangle if there exists a sextuple Δ′ in D˜ such that Δ ⊕ Δ′ is iso-
morphic to a triangle in D . It is shown in [1] that with shift functor T˜ and triangles in D˜ defined
above, D˜ is a triangulated category.
Our main theorem is
Theorem 4. Let D , D ′, D ′′ be triangulated categories. Assume that D admits a right recolle-
ment relative to triangulated categories D ′ and D ′′, that is
D ′ D D ′′.
i∗ = i!
i!

j ! = j∗
j∗
Then D˜ admits a right recollement relative to D˜ ′ and D˜ ′′ as follows
D˜ ′ D˜ D˜ ′′.
i˜∗ = i˜!
i˜!

j˜ ! = j˜∗
j˜∗
It is shown in [1] that if A is an exact category, then D˜b(A) ∼= Db(A˜). So we have
Corollary 5. Suppose thatA,A′,A′′ are exact categories. If a triangulated category Db(A) ad-
mits a right recollement relative to Db(A′) and Db(A′′), then Db(A˜) admits a right recollement
relative to Db(A˜′) and Db(A˜′′).
Remark 6. All of the results above are also true for left recollements and recollements.
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are idempotent complete, then ιD ′ , ιD ′′ are equivalences. Since (ιD ′ , ιD , ιD ′′) is a comparison
functor between two recollements
D˜ ′ D˜ D˜ ′′



i˜∗ = i˜!
i˜!
i˜∗



j˜ ! = j˜∗
j˜∗
j˜!  
D ′ D D ′′



i∗ = i!
i!
i∗



j ! = j∗
j∗
j!
ιD ′ ιD ιD ′′
according to Theorem 2.5 in [6], ιD is an equivalence, which implies that D is idempotent
complete. Conversely, bothD ′ andD ′′ are thick insideD by [3]. Note that any thick subcategory
of an idempotent complete category is still idempotent complete. We have that D ′ and D ′′ are
idempotent complete. So we have
Corollary 7. Let D , D ′, D ′′ be triangulated categories. Assume that D admits a recollement
relative to D ′ and D ′′. Then D is idempotent complete if and only if D ′, D ′′ are idempotent
complete.
It is well known that an additive category is Krull–Schmidt if and only if it is idempotent
complete and for each object X, End(X) is a semiperfect ring [4]. For a recollement, since
i∗, j∗, j! are full embeddings, it follows that
Corollary 8. Let D , D ′, D ′′ be triangulated categories. Let D admit a recollement relative to
D ′ and D ′′. If D is a Krull–Schmidt category, then D ′, D ′′ are Krull–Schmidt categories.
In this paper, Section 2 is due to the proof of the main theorem.
In Section 3, we first prove that t-structures on triangulated categories are compatible with
taking idempotent completions (Theorem 15), then give an application of the main theorem on
t-structures (Proposition 17).
2. Proof of theorem
Before proving the theorem, we need some preparations.
Let F :A→B be an additive functor between two additive categories. Then the assignment
(A, e) → (F (A),F (e)) defines an additive functor F˜ from A˜ to B˜ satisfying ιB ◦ F = F˜ ◦ ιA.
Moreover, given two additive functors F,G :A→B and a natural transformation δ : F → G.
Then there exists a natural transformation δ˜ : F˜ → G˜ satisfying δ˜(A,e) = G(e) ◦ δA ◦ F(e), for
arbitrary (A, e) ∈A.
Lemma 9. Let F :D →D ′, G :D ′ →D be exact functors between two triangulated categories.
If (F,G) is an adjoint pair, then (F˜ , G˜) is an exact adjoint pair.
Proof. For any triangle 
 : (A, e) α−→ (B,f ) β−→ (C,g) γ−→ T˜ (A, e) in D˜ , there exists a tri-
angle 
′ in D˜ such that 
⊕
′ is isomorphic to a triangle inD . Since F is exact, it follows that
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 ⊕ 
′) ∼= F˜ (
) ⊕ F˜ (
′) is isomorphic to a triangle in D ′. Thus, F˜ (
) is a triangle in D˜ ′,
which implies that F˜ is exact. Similarly, G˜ is an exact functor.
Note that (F,G) is an adjoint pair, there exists a natural isomorphism
ηA,A′ : HomD ′(FA,A′) → HomD (A,GA′)
for any A ∈D,A′ ∈D ′. Then, ηA,A′ induces a natural isomorphism between HomD˜ ′(F˜ ((A, e)),
(A′, e′)) and HomD˜ ((A, e), G˜((A′, e′))) for each (A, e) ∈ D˜ , (A′, e′) ∈ D˜ ′. In fact, let
α ∈ HomD˜ ′(F˜ ((A, e)), (A′, e′)). Then α ◦ Fe = α = e′ ◦ α, which implies that ηA,A′(α) ◦
e = ηA,A′(α) = Ge′ ◦ ηA,A′(α). That means ηA,A′(α) ∈ HomD˜ ((A, e), G˜((A′, e′))). On the
other hand, let α ∈ HomD ′(FA,A′) and η(α) ∈ HomD˜ ((A, e), G˜((A′, e′))). Then ηA,A′(α) ◦
e = ηA,A′(α) = Ge′ ◦ ηA,A′(α), which implies that α ◦ Fe = α = e′ ◦ α. That is α ∈
HomD˜ ′(F˜ ((A, e)), (A
′, e′)). And it is easy to see that η is natural.
Thus, (F˜ , G˜) is an exact adjoint pair. 
Remark 10. If (F,G) is an adjoint pair, then there exist two adjunction natural transformations
δ : FG → IdB and ε : IdA → GF . Meanwhile, by Lemma 9, there exist two adjunction natural
transformations δ′ : F˜ G˜ → IdB˜ and ε′ : IdA˜ → G˜F˜ . It is easy to see that δ˜ = δ′ and ε˜ = ε′.
Lemma 11. Let F :A→B be an additive functor, A′ ⊆A a full subcategory such that every
object inA is a direct summand of an object inA′. If F |A′ is fully-faithful, then F is fully-faithful.
We have the following key observation by the naturalness of the natural transformation δ.
Lemma 12. Let A, B be two additive categories and A ∈ A. For each idempotent morphism
e ∈ HomA(A,A), there exists a natural isomorphism in A˜(
e
IdA − e
)
: A → (A, e) ⊕ (A, IdA − e).
Moreover, given two additive functors F,G : A → B and a natural transformation
δ : F → G, the following diagram is commutative:
F˜ ((A, e)) ⊕ F˜ ((A, IdA − e)) G˜((A, e)) ⊕ G˜((A, IdA − e))
F (A) G(A)


 
δA
(
δ˜(A,e) 0
0 δ˜(A,IdA−e)
)
where the vertical morphisms are the natural isomorphisms given above.
Proof. It is easy to see that(
e
IdA − e
)
◦ ( e IdA − e ) = Id(A,e)⊕(A,IdA−e),
( e IdA − e ) ◦
(
e
Id − e
)
= IdA.
A
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( e
IdA−e
)
is an isomorphism.
Moreover, by the naturalness of δ, the diagram above is commutative. 
Proof of Theorem 4.
(R1) By Lemma 9, (i˜∗ = i˜!, i˜!), (j˜ ! = j˜∗, j˜∗) are exact adjoint pairs.
(R2) Since i!j∗ = 0, it follows that i˜!j˜∗ = i˜!j∗ = 0.
(R3) Note that D ′ is a full subcategory of D˜ ′, and every object of D˜ ′ is a direct summand of an
object in D ′, moreover, the restriction of i˜∗ is just i∗. Applying Lemma 11, we deduce that
i˜∗ is fully-faithful. That is, i˜∗ is a full embedding.
(R4) For any (A, e) ∈ D˜ , there exists a triangle in D as follows
i∗i!A
δA−→ A εA−→ j∗j !A ξA−→ T i∗i!A
where δA and εA are adjunction morphisms. We claim that the following diagram is com-
mutative, where A1 = (A, e), A2 = (A, IdA − e) and the vertical morphisms are natural
isomorphisms describe in Lemma 12.
i˜∗ i˜!A1 ⊕ i˜∗ i˜!A2 A1 ⊕ A2 j˜∗j˜ !A1 ⊕ j˜∗j˜ !A2 T˜ i˜∗ i˜!A1 ⊕ T˜ i˜∗ i˜!A2.  
i∗i!A A j∗j !A T i∗i!A  
δA εA
  
ξA

(
δ˜A1 0
0 δ˜A2
) (
ε˜A1 0
0 ε˜A2
) (
ξ˜A1 0
0 ξ˜A2
)
To see this, we only need to show that ξ is a natural transformation. In fact, for any α ∈
HomD (A,B), there exists β ∈ HomD (j∗j !A,j∗j !B) such that the following diagram is com-
mutative
i∗i!B B j∗j !B T i∗i!B .  
i∗i!A A j∗j !A T i∗i!A  
δA εA
  
ξA

δB εB ξB
i∗i!α α β T i∗i!α
Since j∗ is fully-faithful, there exists γ ∈ HomD ′′(j !A,j !B) such that j∗(γ ) = β , which means
j∗(γ ) ◦ εA = εB ◦ α. Thus ηA,j !B(γ ) = ηA,j !B(j!α), where ηA,j !B : HomD ′′(j !A,j !B) →
HomD (A, j∗j !B) is a natural isomorphism. So we have γ = j!α, which implies that ξB ◦j∗j !α =
T i∗i!α ◦ ξA.
Hence, we have a triangle i˜∗ i˜!A1
δ˜A1−→ A1
ε˜A1−→ j˜∗j˜ !A1
ξ˜A1−→ T˜ i˜∗ i˜!A1 in D˜ , where δ˜A1 and ε˜A1
are adjunction morphisms by Remark 10.
This completes the proof. 
3. Applications to t-structures
Let us recall some related notions in [2].
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full subcategories (D0,D0) satisfying the following conditions: If we putDn = T −nD0,
Dn = T −nD0 for n ∈ Z, we have
(T1) D0 ⊆D1, D0 ⊇D1;
(T2) HomD (X,Y ) = 0 for X ∈D0, Y ∈D1;
(T3) for any X ∈ D , there exists a triangle X0 → X → X1 → TX0 such that X0 ∈ D0,
X1 ∈D1.
Definition 14. (See [2].) Let D be a triangulated category. Then a t-structure (D0,D0) is
called bounded if
⋃
n∈ZDn =D and
⋃
n∈ZDn =D . The t-structure (D0,D0) is called
nondegenerate if
⋂
n∈ZDn = 0 and
⋂
n∈ZDn = 0.
The following theorem show that t-structures on triangulated categories are compatible with
taking idempotent completions.
Theorem 15. Let D be a triangulated category. Then a t-structure on D (D0,D0) induces
a t-structure (D˜0, D˜0) on D˜ , where
obj D˜0 = {(A, e) ∣∣A ∈D0, e ∈ HomD (A,A) is an idempotent},
obj D˜0 = {(B,f ) ∣∣ B ∈D0, f ∈ HomD (B,B) is an idempotent}.
Proof. (T1) For any (A, e) in D˜0, we have A ∈ D0. Since D0 ⊆ D1, it follows that
A ∈D1, which implies that T˜ (A, e) = (T A,T e) ∈ D˜0. By definition, we have (A, e) ∈ D˜1.
Hence, D˜0 ⊆ D˜1. Similarly, we have D˜0 ⊇ D˜1.
(T2) For arbitrary two objects (A, e) in D˜0 and (B,f ) in D˜1, we have A ∈ D0,
B ∈D1. Note that HomD˜ ((A, e), (B,f )) ⊆ HomD (A,B) and (D0,D0) is a t-structure
on D , by (T2), we have HomD˜ ((A, e), (B,f )) = 0.
(T3) For any (A, e) ∈ D˜ , there exists a triangle τ0A αA−→ A βA−→ τ1A γA−→ T τ0A in D
by (T3), where τ ’s are truncation functors. Similar to the proof of Theorem 4, we have the
following diagram where the vertical morphisms are isomorphisms explained in Lemma 12 and
A1 = (A, e), A2 = (A, IdA − e)
τ˜0A1 ⊕ τ˜0A2 A1 ⊕ A2 τ˜1A1 ⊕ τ˜1A2 T˜ τ˜0A1 ⊕ T˜ τ˜0A2.  
τ0A A τ1A T τ0A  αA βA
  
γA

(
α˜A1 0
0 α˜A2
) (
β˜A1 0
0 β˜A2
) (
γ˜A1 0
0 γ˜A2
)
Thus, τ˜0A1
α˜A1−→ A1
β˜A1−→ τ˜1A1
γ˜A1−→ T˜ τ˜0A1 is a triangle in D˜ , where τ˜0A1 =
(τ0A,τ0e) ∈ D˜0, τ˜1A1 = (τ1A,τ1e) ∈ D˜1.
This completes the proof. 
Remark 16. Let D be a triangulated category, (D0,D0) be a t-structure on D . Note that
if D is idempotent complete, then D˜0 and D˜0 are equivalent to D0 and D0.
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andD ′′. It is shown in [2] that the t-structures (D ′0,D ′0) and (D ′′0,D ′′0) onD ′,D ′′ can
induce a t-structure (D0,D0) on D , where
objD0 = {X ∈D ∣∣ i∗X ∈D ′0 and j !X ∈D ′′0},
objD0 = {X ∈D ∣∣ i!X ∈D ′0 and j∗X ∈D ′′0}.
Then, by Theorem 15, there is a t-structure (D˜0, D˜0) on D˜ . In fact
obj D˜0 = {(X, e) ∈ D˜ ∣∣ i∗X ∈D ′0 and j !X ∈D ′′0},
obj D˜0 = {(X, e) ∈ D˜ ∣∣ i!X ∈D ′0 and j∗X ∈D ′′0}.
Meanwhile, by Theorem 4, D˜ admits a recollement relative to D˜ ′ and D˜ ′′, thus a t-structure
(D˜
0
1 , D˜
0
1 ) on D can be induced from t-structures (D˜ ′
0
, D˜ ′0) and (D˜ ′′0, D˜ ′′0) by [2],
where
obj D˜01 =
{
(X, e) ∈ D˜ ∣∣ i˜∗((X, e)) ∈ D˜ ′0 and j˜ !((X, e)) ∈ D˜ ′′0},
obj D˜01 =
{
(X, e) ∈ D˜ ∣∣ i˜!((X, e)) ∈ D˜ ′0 and j˜∗((X, e)) ∈ D˜ ′′0}.
It is straightforward to see that (D˜01 , D˜
0
1 ) = (D˜0, D˜0).
According to Theorems 1 and 2 in [7], we have
Proposition 17. Let D , D ′, D ′′ be triangulated categories, (D ′0,D ′0) and (D ′′0,D ′′0)
be t-structures on D ′ and D ′′. Assume D admits a recollement relative to D ′ and D ′′ and
(D0,D0) is the t-structure induced in [2]. Then the following conditions are equivalent:
(1) (D0,D0) is bounded or nondegenerate, respectively;
(2) (D ′0,D ′0) and (D ′′0,D ′′0) are bounded or nondegenerate, respectively;
(3) (D˜ ′0, D˜ ′0) and (D˜ ′′0, D˜ ′′0) are bounded or nondegenerate, respectively;
(4) (D˜0, D˜0) is bounded or nondegenerate, respectively.
Proof. We only prove the boundedness, the other case can be proved similarly. By Theorem 2
in [7] and the above explanation, we see that (1) ⇔ (2) and (3) ⇔ (4). Next we will show
that (1) ⇔ (4). Let (D0,D0) be bounded. Then, by the main theorem in [5], D is idem-
potent complete. That is D˜  D . Thus, (D˜0, D˜0) is bounded. Conversely, suppose that
(D˜0, D˜0) is bounded, then for any X ∈ D , there exists m,n ∈ Z such that (X, IdX) ∈
D˜m ∩ D˜n, that is X ∈Dm ∩Dn. Hence, (D0,D0) is bounded. This completes the
proof. 
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